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Abstract

In this paper, we provide a new, elementary proof of the Lone Wolf Theorem, which
shows that any agent who is unmatched in some stable marriage matching is unmatched
in all stable marriage matchings. Along the way, we provide a new proof that the
market equilibration process of Blum and RothblumBlum and Rothblum (20022002) always produces a stable
matching under which the last agent to enter receives his or her best stable matching
partner.
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1 Introduction

One of the classic results in matching theory is the “Lone Wolf Theorem,” which in its

simplest form states that any agent who is unmatched at some stable marriage matching

is unmatched in all stable marriage matchings.11 The earliest version of the Lone Wolf

Theorem for one-to-one matching was published by McVitie and WilsonMcVitie and Wilson (19701970) just eight

years after Gale and Shapley’sGale and Shapley’s seminal 19621962 paper (see also Gale and SotomayorGale and Sotomayor (1985a1985a));

generalizations have since been obtained for many-to-one matching (RothRoth (19841984, 19861986)),

many-to-many matching (AlkanAlkan (20022002); Klijn and YazıcıKlijn and Yazıcı (20142014)), matching with affirmative

action constraints (KojimaKojima (20122012)), roommate markets (Klaus and KlijnKlaus and Klijn (20102010)), match-

ing with contracts (Hatfield and MilgromHatfield and Milgrom (20052005); JagadeesanJagadeesan (20162016)), supply chain match-

ing (Hatfield and KominersHatfield and Kominers (20122012)), and matching in trading networks (Jagadeesan et al.Jagadeesan et al.

(2016a2016a)).

The Lone Wolf Theorem and its generalizations are central to the now-standard strategy for

deriving (one-sided) strategy-proofness results for deferred acceptance (see Hatfield and MilgromHatfield and Milgrom

(20052005) and Jagadeesan et al.Jagadeesan et al. (2016b2016b)). Moreover, many-to-one matching generalizations of

the Lone Wolf Theorem, typically called the “Rural Hospitals Theorem,” have had real-world

policy significance: The Rural Hospitals Theorem implies that switching stable matching

mechanisms can not on its own improve the allocation of doctors to rural hospitals; this

observation was important in the U.S. National Resident Matching Program redesign (see,

e.g., RothRoth (19841984, 19861986, 20022002, 20082008)), and has led to some forms of direct affirmative action

for rural hospitals in Japan (see, e.g., Kamada and KojimaKamada and Kojima (20112011, 20122012)).

The standard proof of the Lone Wolf Theorem uses the lattice structure of stable matchings

(KnuthKnuth (19761976); Roth and SotomayorRoth and Sotomayor (19901990)): a given stable matching is compared, say, to

the man-optimal stable matching (which exists because the lattice structure of the set of

stable matchings). As every man weakly prefers the man-optimal stable matching to all other
1An equivalent alternate formulation is that the set of matched agents is invariant across stable marriage

matchings.
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stable matchings, any man matched under the original matching must also be matched under

the man-optimal stable matching. Moreover, every woman weakly disprefers the man-optimal

stable matching to the original matching (this is another consequence of lattice structure), so

any woman matched under the man-optimal stable matching must also be matched under

the original matching. But since each agent has at most one partner, we can only have both

1. that all men who are matched under the original matching are matched under the

man-optimal stable matching and

2. that all women who are matched under the man-optimal stable matching are matched

under the original matching

if the same sets of men and women are matched under each.22

Here, we give a new proof of the Lone Wolf Theorem. Our argument is “elementary,” in

the sense that it does not use any structural properties of the set of stable outcomes. Instead

of appealing to lattice structure, we consider a process due to Blum and RothblumBlum and Rothblum (20022002)

in which agents enter sequentially and the market re-equilibrates to a stable match after

each entry (see also Blum et al.Blum et al. (19971997)). As Blum and RothblumBlum and Rothblum (20022002) showed, sequential

market entry favors the “last agent standing”—the last agent to enter the market obtains

his or her best partner achievable across all stable matchings. We give a new, self-contained

proof of the “last agent standing” result.33 We then use that result to prove the Lone Wolf

Theorem by noting that if some agent i is unmatched at some stable matching, then that

matching remains stable when i is removed from the market. If we then allow i to reenter

the market and re-equilibrate to a stable matching, the “last agent standing” result implies

that i obtains his best partner across all stable matchings. We then show that if i obtains a

partner in this way, then the matching we started with (under which i was unmatched) could

not have been stable.
2Balinski and RatierBalinski and Ratier (19981998) and Klaus and KlijnKlaus and Klijn (20102010) gave alternative arguments for the Lone Wolf

Theorem based on preference graph constructions.
3The Blum and RothblumBlum and Rothblum (20022002) proof relied upon structural results on the set of stable matchings,

including the Lone Wolf Theorem itself. Our approach, by contrast, makes use of a preference cycle structure
recently identified by CiupanCiupan (20162016).
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The remainder of this paper is organized as follows: Section 22 introduces the classic mar-

riage model of Gale and ShapleyGale and Shapley (19621962). Section 33 describes the process of Blum and RothblumBlum and Rothblum

(20022002) that models market re-equilibration after the entry of an agent. In Section 44 we intro-

duce the “last agent standing” result, and use that result to derive the Lone Wolf Theorem.

2 Model

There are finite sets M and W of men and women; hence the set of agents is I ≡ M ∪W .

Each man m ∈ M is endowed with a strict preference ordering �m over W ∪ {∅}, where

∅ is the outside option. Similarly, each woman w ∈ W is endowed with a strict preference

ordering �w over M ∪ {∅}. We write i <j k if i �j k or i = k.

A matching for J ⊆ I is a map µ : J → J ∪ {∅} from the set of men and women in J to

the set of men and women in J plus the outside option such that:

1. Under µ, each man m ∈ J ∩M is matched to a woman in J or the outside option, i.e.,

µ(m) ∈ (W ∩ J) ∪ {∅}, and each woman w ∈ J ∩W is matched to a man in J or the

outside option, i.e., µ(w) ∈ (M ∩ J) ∪ {∅}.

2. If a man m is matched to a woman w, then w is matched to m (and vice versa), i.e., if

µ(i) = j ∈ J , then µ(j) = i.

We say that agent i ∈ I is unmatched under µ if µ(i) = ∅. Throughout, when we introduce a

matching µ without explicitly referring to an associated set of agents, we mean that µ is a

matching for I.

A matching µ for J is individually rational if, for all i ∈ J , we have that µ(i) <i ∅. A

matching µ for J is unblocked if there does not exist a blocking pair (m,w) ∈ (M∩J)×(W ∩J)

such that w �m µ(m) and m �w µ(w). A matching µ for J is stable if it is both individually

rational and unblocked. We say that i ∈ I ∪ {∅} is achievable for j if there exists a stable

matching µ such that µ(j) = i.
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3 Market Equilibration Following Entry

We now describe a market equilibration process due to Blum and RothblumBlum and Rothblum (20022002) that

defines how the market evolves after entry.44 Formally, for any agent i ∈ I r J , starting with

a matching µ for J , we use the following algorithm to find a new matching ν for J ∪ {i} that

we call the market equilibration outcome after entry by i at µ.

Step 0: Set µ0 ≡ µ and i1 ≡ i.

Step t: We construct a new matching µt as follows: Let K ≡ {j ∈ J∪{i} : it �j µt(j)}∪{∅}

be the set of agents who prefer it to their partner under µt (along with the outside

option, ∅). We let jt be it’s most-preferred partner in K, i.e.,

jt = max�it
K = max�it

({j ∈ J ∪ {i} : it �j µt(j)} ∪ {∅}).55

• If jt 6= ∅, then we match it to jt, setting µt(it) = jt and µt(jt) = it.

– If µt−1(jt) 6= ∅—jt is matched under µt−1—then that partner is set to be

unmatched under µt, i.e., µt(µt−1(jt)) = ∅. We keep all other agents’ matches

unchanged, i.e., µt(j) = µt−1(j) for all j ∈ ((J ∪{i})r{it, jt, µt−1(jt)}). Next,

we let it+1 = µt−1(jt) and proceed to Step t+ 1.

– If µt−1(jt) = ∅—jt is unmatched under µt−1—then we set µt(j) ≡ µt−1(j) for

all j ∈ ((J ∪ {i}) r {it, jt}). Finally, we set ν ≡ µt and end the algorithm.

• If jt = ∅, then we set µt(it) = ∅ and set µt(j) ≡ µt−1(j) for all j ∈ ((J∪{i})r{it}).

Finally, we set ν ≡ µt and end the algorithm.66

Extending the language typically used to describe deferred acceptance (Gale and ShapleyGale and Shapley

(19621962)), if agent it becomes matched to agent jt 6= ∅ in Step t of the market equilibration
4A similar market equilibration process featuring two-sided proposals was studied by DworczakDworczak (20162016).
5Here, we use max�it

to denote maximization with respect to the preference relation �it
.

6It is immediate that the output of the market equilibration process is a matching, as µt is a matching at
each Step t.
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process, then we say that it (successfully) proposed to jt in Step t, and it was held by jt. If

an agent k is held by j at Step t, and some agent k′ 6= k is held by j at Step t′ > t, then we

say that j held k′ over k. Similarly, if j is unmatched under µt, and some agent k′ 6= ∅ is

held by j at Step t′ > t, then we say that j held k′ over ∅. Over the course of the market

equilibration process, each agent on the opposite side of the market from i holds weakly

more-preferred partners;77 hence, if j holds k′ over k, then we must have k′ �j k.

4 Results

Blum and RothblumBlum and Rothblum (20022002) showed that if we start with an empty market and add agents

sequentially using the market equilibration process, then we obtain a stable outcome. More-

over, the stable outcome obtained in this way favors the “last agent standing,” in that the

last agent to enter obtains his or her most-preferred achievable partner.

Theorem 1 (Blum and RothblumBlum and Rothblum (20022002)). Let µ be any stable matching for I r {i}, and

let ν be the market equilibration outcome after entry by i at µ. Then ν is stable and ν(i) is

i’s most-preferred achievable partner.88

Blum and RothblumBlum and Rothblum (20022002) proved Theorem 11 by combining powerful results on the

structure of stable outcomes: the lattice structure theorem of Gale and SotomayorGale and Sotomayor (1985b1985b)

(see also KnuthKnuth (19761976)) and the Lone Wolf Theorem of McVitie and WilsonMcVitie and Wilson (19701970). By

contrast, we prove Theorem 11 via a new, elementary argument that uses neither lattice

structure nor the Lone Wolf Theorem.

Having shown that Theorem 11 does not itself depend on the Lone Wolf Theorem, we next

show that Theorem 11 leads to a very short proof of the Lone Wolf result.

Theorem 2 (Lone Wolf Theorem – McVitie and WilsonMcVitie and Wilson (19701970)). If there exists a stable
7This fact implies that the market equilibration process actually terminates: When it successfully proposes

to an agent jt, jt becomes strictly better off than under µt−1; this can only happen finitely many times, as
jt’s partner never becomes less preferred, and there are only finitely many agents in the market.

8We prove this result in the Appendix.
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matching for I under which agent i ∈ I is unmatched, then i is unmatched under every stable

matching for I.

Proof. Suppose that ν is a stable matching (for I) under which ν(i) = ∅. We define µ by

µ(j) = ν(j) for all j ∈ J ≡ I r {i}; we observe that µ is a matching for J , as no agent j ∈ J

was matched to i under ν. As ν is stable, µ must be, as well:

• The individual rationality of µ follows immediately from the individual rationality of ν.

• If there were a pair (m,w) ∈ (M ∩ J)× (W ∩ J) blocking µ, then (m,w) would also

block ν, as we would have w �m µ(m) = ν(m) and m �w µ(w) = ν(w).

Now we let ν ′ be the market equilibration outcome after entry by i at µ.

Claim. Agent i is unmatched under ν ′, that is, ν ′(i) = ∅.

Proof. We suppose the contrary, i.e., that ν ′(i) 6= ∅, seeking a contradiction. If ν ′(i) 6= ∅, then

in particular, i proposed to ν ′(i) at some step of the market equilibration process starting at

µ, and ν ′(i) held i over µ(ν ′(i)).99 But the preceding observations mean that ν ′(i) �i ∅ and

i �ν′(i) µ(ν ′(i)) = ν(ν ′(i)); this contradicts the hypothesis that ν is unblocked.

By Theorem 11, we know that ν ′(i) = ∅ is i’s most-preferred achievable partner. Thus, we

see that i is unmatched under every stable matching.

Appendix – Proof of Theorem 11

Without loss of generality, we assume that i ∈ M . We let µ be any stable matching for

I r {i}, and let ν be the market equilibration outcome after entry by i at µ. By construction,

ν is a matching for I.

First Part. The matching ν is stable.
9Recall that we say that j holds k′ over k if there is some step t in the market equilibration process at

which k is matched to j and some later step t′ at which k′ is matchted to j.
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Proof. Individual rationality of ν is immediate, as µ is individually rational, and agents only

propose to and hold partners they prefer to ∅. To see that ν is unblocked, we suppose that

there is a pair (m,w) ∈ (M ∩ (J ∪ {i}))× (W ∩ (J ∪ {i})) = M ×W such that w �m ν(m)

and m �w ν(w).

As i ∈M , we know that each woman holds weakly improving partners throughout the

market equilibration process after entry by i at µ; hence in particular, we have ν(w) <w µ(w).

Thus, given our hypothesis that m �w ν(w), we have

m �w ν(w) <w µ(w). (1)

If m was never active during the market equilibration process,1010 then we would have

ν(m) = µ(m). In that case, combining (11) and the hypothesis that w �m ν(m) = µ(m) would

imply that (m,w) blocks µ—a contradiction. Thus, there must be some step of the market

equilibration process at which m was active; we let t be the last such step. As ν(m) 6= w, we

know that at Step t of the market equilibration process, either

1. w was not in K, as she was already assigned to a man she prefers to m (i.e., µt(w) =

µt−1(w) �w m), or

2. w was not optimal for m among women in K, so that m (successfully) proposed to

some woman µt(w) he prefers to w, i.e., µt(m) �n w.

In the former case, we have an immediate contradiction, as ν(w) <w µt(w), so we would

have ν(w) <w µt(w) = µt−1(w) �w m, contradicting the hypothesis that m �w ν(w). In

the latter case, as t is the last step in which m is active, we must have ν(m) = µt(m)—but

again, this contradicts our hypothesis, as ν(m) = µt(m) �m w and we have assumed that

w �m ν(m).

Second Part. The agent ν(i) is i’s most-preferred achievable partner.
10We say that a man k is active during the market equilibration process if there is some t such that k = it

in the market equilibration process.
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Proof. We suppose the contrary, i.e., that there is some woman w1 �i ν(i) who is achievable

for i. Now, we let ν ′ be a stable matching (for I) in which ν ′(i) = w1.

Now, we must have

ν(w1) �w1 ν ′(w1) = i, (2)

or else (given that w1 �i ν(i)), (i, w1) would block ν (which we have already shown is stable).

We let m1 = ν(w1). By construction, we must have

ν ′(m1) �m1 ν(m1) = w1, (3)

as otherwise (given (22)), (m1, w1) would block ν ′. We let w2 = ν ′(m1). Again, we must have

ν(w2) �w2 ν ′(w2) = m1,

or else (given (33)), (m1, w2) would block ν. Iterating this logic, we obtain a sequence of

women and men m0, w1,m1, w2,m2, . . . such that m0 = i and for each r ≥ 1, we have

mr = ν(wr) �wr ν ′(wr) = mr−1 (4)

wr+1 = ν ′(mr) �mr ν(mr) = wr. (5)

Claim. For all r ≥ 1, mr must be matched under µ.

Proof. If µ(mr) = ν(mr), then the claim is immediate. Otherwise, if µ(mr) 6= ν(mr), we

know that mr successfully proposed to wr at some step t of the market equilibration process

after entry by i. But then, mr was active at Step t, so there must have been an earlier step

t′ < t at which some woman held some other man over mr; we let t′′ be the earliest such step.

Then we must have

∅ 6= µt′′−1(mr) = · · · = µ0(mr) = µ(mr),

so, in particular, we have the claim.
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But now, as there are finitely many men and women, the sequence must cross itself. That

is, there must be some r such that mr = mr′ for some r′ ≤ r; we let s be the minimal such r.

Claim. We have ms = m0.

Proof. If ms = mr for some r with s > r > 0, then we have

ν ′(ν(ms)) = ms−1, (6)

ν ′(ν(mr)) = mr−1 (7)

by construction. But then (66) and (77) together contradict the minimality assumption in our

choice of s, as the hypothesis that ms = mr implies that ν ′(ν(ms)) = ν ′(ν(mr)).

The two preceding claims together imply that ms = m0 = i is matched under µ, which is

impossible, as µ is a matching for I r {i}.
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